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Let B(H) denote the algebra of operators on an inﬁnite dimensional complex Hilbert
space H, and let A◦ ∈ B(K) denote the Berberian extension of an operator A ∈ B(H). It
is proved that the set theoretic function σ , the spectrum, is continuous on the set C(i) ⊂
B(Hi) of operators A for which σ(A) = {0} implies A is nilpotent (possibly, the 0 operator)
and A◦ =
(
λ X
0 B
)(
(A◦−λ)−1(0)
{(A◦−λ)−1(0)}⊥
)
at every non-zero λ ∈ σp(A◦) for some operators X and B
such that λ /∈ σp(B) and σ(A◦) = {λ} ∪ σ(B). If CS (m) denotes the set of upper triangular
operator matrices A = (Aij)mi, j=1 ∈ B(
⊕n
i=1 Hi), where Aii ∈ C(i) and Aii has SVEP for all
1 im, then σ is continuous on CS (m). It is observed that a considerably large number
of the more commonly considered classes of Hilbert space operators constitute sets C(i)
and have SVEP.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let H (similarly, Hi for i = 1,2, . . . ,m for some natural number m) denote a complex inﬁnite dimensional Hilbert space,
and let B(H) denote the algebra of operators (equivalently, bounded linear transformations) on H. Let K denote the set of
all compact subsets of the complex plane C. Equipping K with the Hausdorff metric, one may consider the “spectrum” σ as
a function σ : B(H) → K mapping operators T ∈ B(H) into their spectrum σ(T ). The function σ is upper semi-continuous,
but has points of discontinuity [12, p. 56]. Newburgh, in his seminal paper [17], studied spectral continuity in the setting
of general Banach algebras; a detailed study in the case in which the Banach algebra is a C∗-algebra of operators acting on
a complex separable Hilbert space has been carried out by Conway and Morrel [3,4]. Studies identifying sets C of operators
for which σ becomes continuous when restricted to C has been carried out by a number authors (see, for example [5,7,
13,15,16]). The present paper derives its inspiration from [15], where Kim and Lee prove that the spectrum is continuous
on the set of quasi-m-hyponormal operators. Here a quasi-m-hyponormal operator is an upper triangular operator matrix
A = (Aij)mi, j=1, Aij = 0 for all i > j, such that the entries Aii along the principal diagonal of the matrix are hyponormal
operators (on a separable inﬁnite dimensional complex Hilbert space). This paper considers spectral continuity on the set
CS(m) of upper triangular operator matrices A = (Aij)mi, j=1 ∈ B(
⊕n
i=1 Hi) such that the elements Aii ∈ B(Hi) have the
single-valued extension property and belong to a set C(i), deﬁned as follows.
The Berberian extension theorem [2] says that given an operator T ∈ B(Hi) there exists a Hilbert space Ki ⊇ Hi and
an isometric ∗-isomorphism T → T ◦ ∈ B(Ki) preserving order such that σ(T ) = σ(T ◦) and σp(T ◦) = σa(T ◦) = σa(T ). Here
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consists of (all) the operators T ∈ B(Hi) for which σ(T ) = {0} implies T is nilpotent (possibly, the 0 operator) and T ◦
satisﬁes the property:
T ◦ =
(
λ X
0 B
)(
(T ◦ − λ)−1(0)
{(T ◦ − λ)−1(0)}⊥
)
, (1)
at every non-zero λ ∈ σp(T ◦) for some operators X and B such that λ /∈ σp(B) and σ(T ◦) = {λ} ∪ σ(B). We prove:
Theorem 1.1. σ is continuous on C(i).
Recall that an operator A ∈ B(H) has the single-valued extension property, SVEP for short, at a point λ ∈ C if for every
disc D centered at λ the only analytic function f : D → H satisfying (A − μ) f (μ) = 0 for all μ ∈ D is the function f ≡ 0.
Every operator A has SVEP on its resolvent set and at points in isoσ(A), the isolated points of the spectrum of A. We say
that A has SVEP if it has SVEP at every point in σ(A). We prove:
Theorem 1.2. σ is continuous on CS (m).
We remark here that our deﬁnition of the sets C(i) is not as unnatural as it may seem at ﬁrst sight. A substantially large
number of the commonly considered classes of Hilbert space operators are characterised by a positivity condition which has
a natural Berberian extension interpretation. This is, in particular, true of the following classes of operators (see also [11]
and [9]).
An operator T ∈ B(H) is p-hyponormal, 0 < p  1, if |T ∗|2p  |T |2p ; w-hyponormal if |T˜ ∗|  |T |  |T˜ |, where, for the
polar decomposition T = U |T | of T , T˜ is the Aluthge transform T˜ = |T | 12 U |T | 12 of T ; M-hyponormal if there exists a number
M  1 such that |T ∗ − λ|2  M|T − λ|2 for all complex λ; (q, p)-quasihyponormal for some positive integer q and 0 < p  1
if T ∗q(|T |2p − |T ∗|2p)T q  0; of class A if |T |2  |T 2|; quasiclass A if T ∗(|T 2| − |T |2)T  0; ∗-paranormal if ‖T ∗x‖2  ‖T 2x‖
for every unit vector x ∈ H, and T is paranormal if ‖T x‖2  ‖T 2x‖ for every unit vector x ∈ H.
The following inclusions are known to be proper: hyponormal ⊂ p-hyponormal ⊂ w-hyponormal ⊂ class A ⊂ paranor-
mal (see [9, p. 144] for an appropriate reference). Observe that a (q,1)-quasihyponormal operator is q-quasihyponormal. We
note that operators belonging to these classes of operators have SVEP; see [10], Theorem 2.8, Example 2.1 and Example 2.3.
Also, if T is a quasinilpotent operator in any one of these classes, then T is nilpotent (possibly, the 0 operator). For example,
if σ(T ) = {0} and T is: (a) (q, p)-quasihyponormal or quasiclass A, then T is nilpotent [14,19]; (b) M-hyponormal, then
T = 0 [18]; (c) ∗-paranormal or paranormal (hence, normaloid), then (again) T = 0.
It is evident from the deﬁnition of the classes above that if T is an operator in any one of these classes, then its Berberian
extension T ◦ is in the same class (i.e., these classes are stable under the operation of taking Berberian extension). It is well
known that the eigenvalues of M-hyponormal operators are normal (i.e., the eigenspaces corresponding to the eigenvalues
are reducing), and that the non-zero eigenvalues of (q, p)-quasihyponormal, quasiclass A and ∗-paranormal operators are
normal (see [1,19,14]). Furthermore, if T is paranormal and (0 =)λ ∈ σp(T ), then T =
(
λ X
0 B
)(
(T−λ)−1(0)
{(T−λ)−1(0)}⊥
)
, where B is
paranormal (implies σ(T ) = {λ} ∪σ(B)) and λ /∈ σp(B) [20]. Putting all this together, it follows that if T is in any one of the
classes deﬁned above, then T ∈ C(i) and T has SVEP.
The set CS (m) is large: it contains, amongst others, the set of upper triangular operator matrices A = (Aij)mi, j=1 ∈
B(
⊕n
i=1 Hi) such that Aii is hyponormal or p-hyponormal or M-hyponormal or k-quasihyponormal or class A or quasi-
class A or paranormal for all 1 i m. The following corollary, which generalises [15, Theorem 1] (and a number of other
extant results), is immediate from Theorem 1.2.
Corollary 1.3. If C(m) denotes the set of upper triangular operators A = (Aij)mi, j=1 ∈ B(
⊕n
i=1 Hi), where Aii ∈ B(Hi) is in one of the
classes deﬁned above for all 1 i m, then σ is continuous on C(m).
2. Proof of Theorems 1.1 and 1.2
Given an operator T ∈ B(H), let α(T ) = dim(T−1(0)) and β(T ) = dim(H \ T (H)). T is upper semi-Fredholm if T (H)
is closed and α(T ) < ∞, and then the index of T , ind(T ), is deﬁned by ind(T ) = α(T ) − β(T ). T is said to be Fredholm
if T (H) is closed and the deﬁciency indices α(T ) and β(T ) are (both) ﬁnite. In the following, we shall denote the set of
accumulation points of σ(T ) by accσ(T ), and the statement “λ ∈ lim infn Sn”, Sn compact for all n, shall mean that for every
open U  λ, Sn ∩ U = ∅ for all suﬃciently large n.
Proof of Theorem1.1. Start by recalling that the function σ is upper semi-continuous, and that if {An} ⊂ B(Hi) is a sequence
which converges in the operator norm topology to A ∈ B(Hi) then lim infn σ(An) ⊂ σ(A) [12]. Thus to prove the theorem
it would suﬃce to prove that if {An} ⊂ C(i) is a sequence of operators such that limn→∞ ‖An − A‖ = 0 for some operator
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if σ(An) = {0} for all n for a sequence {An} ⊂ C(i) converging in the uniform topology to A ∈ C(i), then σ(A) = {0}. Hence
we may assume in the following that σ(An), all n, does not consist of the singleton set {0}.
Observe that if λ ∈ isoσ(A), then λ ∈ lim infn σ(An). This follows from an argument of Newburgh [17]: indeed, if
λ ∈ isoσ(A), then for every neighbourhood N (λ) of λ there exists a positive integer N such that σ(An) ∩ N (λ) = ∅ for
all n > N . This implies that to prove the theorem it would suﬃce to prove that λ ∈ accσ(A) ⇒ λ ∈ lim infn σ(An).
Let, as before, T ◦ ∈ B(K) denote the Berberian extension of an operator in T ∈ B(H). Then, with A and the sequence
{An} as above, we have that
σ(A) = σ (A◦), σ (An) = σ (A◦n) and σa(A) = σa(A◦)= σp(A◦).
Consequently, one has that
accσ(A) ⊂ lim inf
n
σ(An) ⇐⇒ accσ
(
A◦
)⊂ lim inf
n
σ
(
A◦n
)
.
We divide the proof into three steps. Step 1 below reduces the problem to that of considering points in accσa(A◦).
Step 1: λ ∈ accσ(A◦) and λ /∈ σp(A◦) ⇒ λ ∈ lim infn σ(A◦n). If λ ∈ accσ(A◦) and λ /∈ σp(A◦), then A◦−λ is left invertible,
hence upper semi-Fredholm with α(A◦ −λ) = 0. Suppose that λ /∈ lim infn σ(A◦n). Then there exists a δ > 0, a neighbourhood
Nδ(λ) of λ and a subsequence {A◦nk } of {A◦n} such that σ(A◦nk ) ∩ Nδ(λ) = ∅ for every k  1. This implies that A◦nk − μ is
Fredholm and ind(A◦nk −μ) = 0 for every μ ∈ Nδ(λ). Thus, since ‖(A◦nk − λ)− (A◦ − λ)‖ → 0 as n → 0, the continuity of the
index implies that ind(A◦ −λ) = 0 (⇒ A◦ −λ is Fredholm). Since α(A◦−λ) = 0, it follows that λ /∈ σ(A◦) – a contradiction.
Hence λ ∈ lim infn σ(A◦n).
Observe that if an operator A◦ ∈ B(Ki) has a representation of type (1) at every (0 =)λ ∈ σp(A◦), where λ /∈ σp(B)
and σ(A◦) = {λ} ∪ σ(B), then σa(B) = σp(B) = σp(A◦) \ {λ}. We shall use this observation in our proof of Steps 2 and 3.
Throughout the following, the neighbourhood Nδ(λ) of λ and the subsequence {A◦nk } of {A◦n} will be deﬁned as in Step 1.
Step 2: 0 = λ ∈ accσa(A◦) ⇒ λ ∈ lim infn σ(A◦n). If 0 = λ ∈ σa(A◦) = σp(A◦), then
A◦ =
(
λ X
0 B
)(
(A◦ − λ)−1(0)
{(A◦ − λ)−1(0)}⊥
)
,
where σa(B) = σp(B) = σp(A◦)\{λ}. Evidently, B−λ ∈ B({(A◦ −λ)−1(0)}⊥) is upper semi-Fredholm and α(B−λ) = 0. There
exists an  > 0 such that B− (λ−μo) is upper semi-Fredholm (with ind(B− (λ−μo)) = ind(B−λ) and α(B− (λ−μo)) = 0)
for every μo satisfying 0 < |μo| <  . Choose 0 <  < δ and set μ = λ − μo (0 < |μo| < ). (Here δ > 0 is as in Step 1.) Then
B − μ is upper semi-Fredholm, ind(B − μ) = ind(B − λ) and α(B − μ) = 0. This implies that
A◦ −μ =
(
λ − μ X
0 B − μ
)
is upper semi-Fredholm,
ind
(
A◦ − μ)= ind
[(
1 0
0 B − μ
)(
1 X
0 1
)(
λ −μ 0
0 1
)]
= ind(B −μ)
and α(A◦ − μ) = 0. Evidently, A◦nk − μ is Fredholm, with ind(A◦nk − μ) = 0, and limn→∞ ‖(A◦nk − μ) − (A◦ − μ)‖ = 0. It
follows from the continuity of the index that ind(A◦ −μ) = 0 and A◦ −μ is Fredholm. Since α(A◦ −μ) = 0, μ /∈ σ(A◦) for
every μ in a deleted -neighbourhood of λ. Since this contradicts our hypothesis that λ ∈ accσp(A◦), we must have that
λ ∈ lim infn σ(A◦n).
Step 3: λ = 0 ∈ accσp(A◦) ⇒ 0 ∈ lim infn σ(A◦n). Assume that 0 ∈ accσp(A◦) and 0 /∈ lim infn σ(A◦n). Then every neigh-
bourhood N(0) of 0, 0 <  < δ, contains a non-zero sequence {μm} ⊂ σp(A◦) such that limm→∞ μm = 0 and μm /∈ σ(A◦nk )
for all integers m,k 1. Choose one such neighbourhood N(0) of 0 and a 0 = μo ∈ {μm}. Then
A◦ =
(
μo X
0 B
)(
(A◦ − μo)−1(0)
{(A◦ −μo)−1(0)}⊥
)
,
where μo /∈ σp(B). Arguing as above (this time with λ replaced by μo) it is seen that μo /∈ σ(A◦). This is a contradiction.
Hence 0 ∈ lim infn σ(A◦n). 
Proof of Theorem 1.2. Let A = (Aij)mi, j=1 ∈ CS (m), and let An = (An(i j))mi, j=1 ∈ CS (m) be such that limn→∞ ‖An − A‖ = 0.
Then
‖An(ii) − Aii‖ ‖An − A‖ → 0 as n → ∞,
for all 1 i m. The SVEP hypothesis on Aii and An(ii) , 1 i m, implies that
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m⋃
i=1
σ(Aii) and σ(An) =
m⋃
i=1
σ(An(ii))
[8, Lemma 3.2]. Observe that if λ ∈ σ(A), then λ ∈ σ(Aii) for at least one value of i, say i = k. Hence, since λ ∈ σ(Akk)
implies λ ∈ lim infn σ(An(kk)) (by Theorem 1.1), λ ∈ lim infn σ(An). 
Remark 2.1. The hypothesis that Aii has SVEP for all 1  i m is not essential to the validity of Theorem 1.2. Indeed, if
we let C(m) denote the set of upper triangular operators A = (Aij)mi, j=1 ∈ B(
⊕n
i=1 Hi) such that Aii ∈ C(i) for all 1 i m,
then the hypothesis σ(A) =⋃mi=1 σ(Aii) for all A ∈ C(m) would do. It is apparent from the proof of Theorem 1.1 that σa is
continuous on C(i). Hence, if σa(A) =⋃mi=1 σa(Aii) for all A ∈ C(m), then σa is continuous on C(m).
Remark 2.2. The ascent asc(T ) (resp., descent dsc(T )) of an operator T ∈ B(H) is the least non-negative integer d such
that T−d(0) = T−(d+1)(0) (resp., T d(H) = T d+1(H)). The Browder spectrum σb and the Weyl spectrum σw of T are the sets
σb(T ) = {λ ∈ σ(T ): T − λ is not Fredholm or one of asc(T − λ) and dsc(T − λ) is inﬁnite} and σw(T ) = {λ ∈ σ(T ): T − λ is
not Fredholm or ind(T −λ) = 0}. Evidently, σw(T ) ⊆ σb(T ): a necessary and suﬃcient condition for σb(T ) = σw(T ) is that T
has SVEP on σ(T ) \ σw(T ). For operators A ∈ CS (m), σb(A) =⋃mi=1 σb(Aii) =⋃mi=1 σw(Aii) = σw(A) [8, Proposition 3.5(iii)],
and we have the following.
Corollary 2.3. σb and σw are continuous on CS (m).
Proof. If σb(T ) = σw(T ) for a Hilbert space operator T , then the statements (i) σ is continuous at T , (ii) σb is continuous
at T , and (iii) σw is continuous at T are equivalent [6, Theorem 2.2]. 
Acknowledgments
The authors would like to express their cordial gratitude to the referee for his/her kind comments.
References
[1] S.C. Arora, J.K. Thukral, Quasi-∗paranormal operators, in: H. Helson, B.S. Yadav (Eds.), Invariant Subspaces and Allied Topics, Narosa Publishing House,
New Delhi, 1990, pp. 79–86.
[2] S.K. Berberian, Approximate proper vectors, Proc. Amer. Math. Soc. 13 (1962) 111–114.
[3] J.B. Conway, B.B. Morrel, Operators that are points of spectral continuity I, Integral Equations Operator Theory 2 (1979) 174–198.
[4] J.B. Conway, B.B. Morrel, Operators that are points of spectral continuity II, Integral Equations Operator Theory 4 (1981) 459–503.
[5] S.V. Djordjevic´, Continuity of the essential spectrum in the class of quasihyponormal operators, Vesnik Math. 50 (1998) 71–74.
[6] S.V. Djordjevic´, Y.M. Han, Browder’s theorem and spectral continuity, Glasg. Math. J. 42 (2000) 479–486.
[7] S.V. Djordjevic´, B.P. Duggal, Weyl’s theorem and continuity of spectra in the class of p-hyponormal operators, Studia Math. 143 (2000) 23–32.
[8] B.P. Duggal, Upper triangular operators with SVEP: spectral properties, Filomat 21 (2007) 25–37.
[9] B.P. Duggal, Riesz projections for a class of Hilbert space operators, Linear Algebra Appl. 407 (2005) 140–148.
[10] B.P. Duggal, Hereditarily polaroid operators, SVEP and Weyl’s theorem, J. Math. Anal. Appl. 340 (2008) 366–373.
[11] T. Furuta, Invitation to Linear Operators, Taylor and Francis, London, 2001.
[12] P.R. Halmos, A Hilbert Space Problem Book, Grad. Texts in Math., Springer-Verlag, New York, 1982.
[13] I.S. Hwang, W.Y. Lee, The spectrum is continuous on the set of p-hyponormal operators, Math. Z. 235 (2000) 151–157.
[14] I.H. Jeon, I.H. Kim, On operators satisfying T ∗|T 2|T  T ∗|T |2T , Linear Algebra Appl. 418 (2006) 854–862.
[15] In Hyoun Kim, Woo Young Lee, The spectrum is continuous on the set of quasi-n-hyponormal operators, J. Math. Anal. Appl. 335 (2007) 260–267.
[16] G.R. Luecke, Topological properties of paranormal operators on Hilbert space, Trans. Amer. Math. Soc. 172 (1972) 35–43.
[17] J.D. Newburgh, The variation of spectra, Duke Math. J. 18 (1951) 165–176.
[18] M. Radjabalipour, On majorization and normality of operators, Proc. Amer. Math. Soc. 62 (1977) 105–110.
[19] K. Tanahashi, A. Uchiyama, M. Cho¯, Isolated points of the spectrum of (p,q)-quasihyponormal operators, Linear Algebra Appl. 382 (2004) 221–229.
[20] A. Uchiyama, On the isolated points of the spectrum of paranormal operators, Integral Equations Operator Theory 55 (2006) 145–151.
